Abstract. It is shown that for a locally compact group G, if 
Introduction
The notion of weak amenability was introduced by Bade, Curtis and Dales in [1] for commutative Banach algebras. Later, Johnson defined weak amenability for arbitrary Banach algebras [17] and showed that for a locally compact G, the group algebra L 1 (G) is weakly amenable (for shorter proof see [6] ). It is shown in [13] that if L 1 (G) * * is weakly amenable, then M (G), the measure algebra of G is weakly amenable. It is also proved in [6] that M (G) is amenable if and only if the group G is discrete and amenable. The notion of cyclic amenability for Banach algebras was introduced by Grønbaek in [16] . Then the approximate version of mentioned notions are studied in [12] and [18] for Banach algebras.
In [7] , Esslamzadeh introduced ℓ 1 -Munn algebras which are a class of Banach algebras. He investigated some basic facts about the structure of ℓ 1 -Munn algebras and characterized those with bounded approximate identities. The characterizing of amenable ℓ 1 -Munn algebras by explicit construction of approximate diagonals is also given there. In [19] , Shojaee et al. studied weak and cyclic amenability of ℓ 1 -Munn algebras and showed that under certain condition, cyclic [resp. weakly] amenability of a ℓ 1 -Munn algebra is equivalent to the cyclic [resp. weakly] amenability of the underlying Banach algebra A.
In Section 2 of this paper, we show that if A * * , the second dual of a Banach algebra A is approximately weakly amenable then A is essential. This could be regarded as the approximate version of a result of Ghahramani and Laali [9, Proposition 2.1]. We investigate some relationships between approximate weak amenability of Banach algebras A, B and the tensor product A ⊗B. The main result of this section is Theorem 2.6 which asserts that for a locally compact G, approximate weak amenability of L 1 (G) * * implies approximate weak amenability of M (G). In Section 3, we introduce the concepts of bounded ω * -approximate weak [cyclic] amenability for Banach algebras. By means of some examples, we show that these concepts are weaker than the weak and cyclic amenability. We also indicate some properties of such Banach algebras. Finally, we characterize ℓ 1 -Munn algebras that are bounded ω * -approximately weakly [cyclic] amenable.
Approximate weak amenability
We first recall some definitions in the Banach algebras setting. Let A be a Banach algebra, and let X be a Banach A-bimodule. A bounded linear map
For each x ∈ X, we define a map ad x : A −→ X by ad x (a) = a·x−x·a (a ∈ A). It is easily seen that ad x is a derivation. Derivations of this form are called inner derivations. A derivation D : A −→ X is said to be approximately inner if there exists a net (x i ) ⊆ X such that
Hence D is approximately inner if it is in the closure of the set of inner derivations with respect to the strong operator topology on B(A), the space of bounded linear operators on A. The Banach algebra A is approximately
If B is approximately amenable, then A is approximately amenable;
A is approximately amenable.
Proof. (i) Assume that D : A −→ X * is a continuous derivation. By [2, Proposition 2.7.17(i)] the map D * * : (A * * , ) −→ X * * * is a continuous derivation, and so D * * | B is a derivation. Thus there exists a net (x * * * α ) ⊆ X * * * such that
Consider the projection map P : X * * * −→ X * which is an A-module. Then
Therefore A is approximately amenable.
(ii) It is immediately follows from (i).
One should remember that the amenability case of Theorem 2.1 has been proved by Ghahramani and Proof. Assume towards a contradiction that A 2 is not dense in A. Take a 0 ∈ A\A 2 and λ ∈ A * such that λ| A 2 = 0 and λ, a 0 = 1. Consider the map D : A * * −→ A * * * ; a * * → λ, a * * λ. Obviously, D is continuous and linear. For each a * * , b * * ∈ A * * , there are nets (a α ), (b β ) ⊆ A such that a * * b * * = ω * −lim α lim β a α b β . We have a * * b * * , λ = lim α lim β λ, a α b β = 0, and so D(a * * b * * ) = 0. On the other hand,
Thus D : A * * −→ A * * * is a derivation, but it is not approximately inner. In fact D(a 0 ), a 0 = 1, whereas
for any net (λ α ) ⊆ A * * * . This being a contradiction of A * * is approximately weakly amenable.
Recall that a character on the Banach algebra A is a non-zero homomorphism from A into C. The set of characters on A is called the character space of A and denoted by Φ A . Also, A is said to be dual if there is a closed submodule A * of A * such that A = A * * . It is shown in part (ii) of [8, Propositions 2.1] that the homomorphic image of an approximately weakly amenable commutative Banach algebra is again approximately weakly amenable. In the next theorem, we generalize this result. Proof. (i) Let D : B −→ B * be a derivation. We can consider B as an A-bimodule with actions a·x = ϕ(a)x and x·a = xϕ(a) for every a ∈ A, x ∈ B. Hence the map ϕ * is an A-module homomorphism, and thus
. The equality ϕ • ψ = I B implies ψ * • ϕ * = I B * , and thus for every c ∈ B, we get
The above equalities show that B is approximately weakly amenable. Since ϕ * * • ψ * * = I B * * , (B * * , ) is approximately weakly amenable.
(ii) According to [3, Theorem 2.15] , (A * ) ⊥ is a ω * -closed ideal in A * * and A * * = A ⊕ (A * ) ⊥ . Now, if ϕ : A * * −→ A is the projection map and ψ : A −→ A * * is the inclusion map, then ϕ • ψ = I A , hence by part (i) we get the desired result.
(iii) It is known that weak amenability and approximate weak amenability coincide for a commutative Banach algebra, and so we deduce the sufficiency part by [8 
Recall that a linear functional
This contradicts our assumption.
(ii) Suppose that d is a non-zero continuous point derivation at ϕ 1 ∈ Φ A . We can show that the map D :
Take b ∈ B such that ψ(b) = 1. Then d(a)ϕ 1 (a) = 0, and so d| (A−kerϕ 1 ) = 0. Thus, since d is a point derivation at ϕ 1 , and also using (i) we obtain d = 0 which is a contradiction.
(iii) The result is a direct consequence of parts (i) and (ii). Let G be a locally compact group. Recall that LU C(G) is the space of bounded left uniformly continuous functions on G under the supremum norm and C 0 (G) is the space of continuous functions on G vanishing at infinity. 
In addition, by [10] , EL 1 (G) * * = LU C(G) * . Therefore the projection maps P 1 : L 1 (G) * * −→ LU C(G) * , P 2 : LU C(G) * −→ M (G) and the inclusion maps ι 1 : Proof. The result follows from Theorem 2.5 and Theorem 2.6.
Bounded ω * -approximately weak [cyclic] amenability
We first introduce two new notions of amenability; bounded ω * -approximate weak amenability and bounded ω * -approximate cyclic amenability as follows: 
Obviously that all notions of weak amenability, approximate weak amenability and bounded ω * -approximate weak amenability coincide for a commutative Banach algebra. Moreover, if A is a commutative Banach algebra without identity, then it is bounded ω * -approximately weakly amenable if and only if A # is bounded ω * -approximately weakly amenable. These facts fail to be true in general. In the following example we give a Banach algebra that is bounded ω * -approximately weakly [ 
We have ψ * • ϕ * = I B * and also ψ * is ω * -continuous. Thus for every c ∈ B, we get
Since In light of Theorem 3.4, we can prove Theorems 2.4, 2.5 and 2.6 for the bounded ω * −approximate weak amenability case.
Let A be a unital Banach algebra, I and J be arbitrary index sets and P be a J × I matrix over A such that all of its non-zero entries are invertible and P ∞ = sup{ P ji : j ∈ J, i ∈ I} ≤ 1. The set ℓ 1 (I × J, A), the vector space of all I × J matrics X over A with product X • Y = XP Y is a Banach algebra that we call the ℓ 1 -Munn-algebra over A with sandwich matrix P and denote it by LM (A, P ) (for more information see [7] ). Proof. Suppose that β ∈ J,α ∈ I such that P αβ = 0 and q = P D is a bounded cyclic derivation, hence there exists a net ( ψ γ ) ⊆ A such that the net (ad ψγ ) is bounded and
Put ψ γ (aε ij ) = ψ γ (p ji a) + D(qε βj ), aε iα for all i ∈ I, j ∈ J, a ∈ A. It is easy to see that ψ γ ∈ LM (A, P ) * . We wish to show that the net (ad ψγ ) is bounded. For every a, b ∈ A, j, l ∈ J and i, k ∈ I, we have
Thus | ad ψγ (aε ij ), bε kl | ≤ ad ψγ a b + 2 D a b . On the other hand, the net (ad ψγ ) is bounded, so
Now, let S = aε ij and T = bε kl be non-zero elements in LM (A, P ) and U = qε βj , V = qε βl , X = aε iα and Y = qp jk bε βα . Then,
Applying (3.1) and (3.2), we have
The net (ad ψγ ) is bounded, and thus
The above equality shows that
Therefore LM (A, P ) is bounded ω * -approximately cyclic amenable. 
The next theorem is an immediate consequence of Theorem 3.6 and Lemma 3.7.
Theorem 3.8. If A is bounded ω * -approximately weakly amenable, then so is LM (A, P ).
In the upcoming theorem we show that the converse of Theorems 3.6 and 3.8 are true as long as the sandwich matrix P is square; i.e, the index sets I and J are equal [19 Proof. By Theorem 3.8 we need only to prove the converse statement. According to [7] , the index set I is finite and LM (A, P ) is topologically isomorphic to A ⊗M n for some n ∈ N. If D : A −→ A * be a bounded derivation, then D ⊗ 1 is a bounded derivation from A ⊗M n to (A ⊗M n ) * . Moreover, if D is cyclic, then so is D ⊗ 1. Thus there exists a net (X α ) ∈ (A ⊗M n ) * such that the net (ad Xα ) is bounded and D(B) = ω * -lim α ad Xα (B) for every B ∈ A ⊗M n . For each α, we put X α = Σ n i,j=1 x α ij ⊗ ε ij (x α ij ∈ A * ). Now, for a, b ∈ A we get D(a) ⊗ ε 11 = (D ⊗ 1)(a ⊗ ε 11 )
We have D(a), b = lim α a · x α 11 − x α 11 · a, b , and so D(a) = ω * − lim α (a · x α 11 − x α 11 · a). To complete of the proof it is enough to show that the net (ad x α
11
) is bounded. For this, we have Therefore A is bounded ω * -approximately weakly [resp. cyclic] amenable.
